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RECEIVING  SYSTEM  DESIGN  FOR  THE 
ARRAYING  OF  INDEPENDENTLY  STEERABLE  ANTENNAS 
FOR  DEEP  SPACE  CCMIUNICATIONS 
By  James  H.  Schrader 

SUMMARY 


This  report  considers  the  problem  of  arraying  independently  steer¬ 
able  antennas  for  use  in  deep  space  communications  systems.  It  describes 
a  basic  design  of  a  receiving  system  capable  of  utilizing  all  the  signal 
power  received  on  a  number  of  antennas  without  requiring  that  the  signals 
be  phase  coherent.  It  also  discusses  the  various  considerations 
involved  in  the  selection  and  location  of  antennas  for  use  in  such  an 
array.  This  report  indicates  that  for  very  large  ai>erture  systems,  the 
array  approach  offers  both  economic  and  technical  advantages  over  the 
single-reflector  approach. 


INTRODUCTION 


The  purpose  of  this  report  is  to  describe  a  method  of  obtaining 
ground-based  receiving  systems  with  extremely  large  effective  antenna 
apertures  for  use  with  deep  space  probes  which  is  both  economical  and 
technically  feasible.  With  the  indicated  method,  it  should  be  possible 
to  obtain  antenna  gains  greater  than  can  be  obtained  in  a  single  para¬ 
bolic  reflecting  antenna  using  present  construction  methods.  The 
proposed  system  will  sum  the  demod\ilated  signals  received  by  a  number  of 
independently  steerable  antennas.  Because  of  the  relatively  low  fre¬ 
quency  of  the  demodulated  signals,  they  may  be  summed  with  no  appreciable 
phasing  problems.  Since  in  most  cases  it  would  be  necessary  for  the 
antenna  array  system  to  perform  to  the  same  threshold  as  a  single  antenna 
receiver  combination  of  equatl  area,  it  is  necessary  to  design  detection 
systems  which  will  not  degrade  the  signal-to-noise  ratio  at  very  low 
input  levels. 

The  design  of  a  receiver  for  multiple  .radio-frequency  (designated 
R.F.)  inputs  is  the  basis  for  the  design  of  the  large  antenna  array. 

The  inputs  to  the  receiver  are  not  phase  coherent  because  of  the  dif¬ 
ferent  transmission  times  to  each  antenna.  It  is  ass\jmed,  however,  that 
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the  rate  of  change  of  phase  difference  hetveen  inputs  is  predictable  and 
is  primarily  determined  hy  the  angular  velocity  of  the  signal,  source 
relative  to  the  euitenna  array.  This  angular  velocity  would  primarily 
he  the  sideral  rate  for  deep  space  probes.  Based  on  this  assun5>tion  it 
is  possible  to  design  a  receiver  for  multiple  antennas  which  will  be 
capable  of  performing  to  the  same  threshold  as  a  phase -lock  receiver 
operating  from  a  single  antenna  of  equal  apezi:ure. 


SYMBOLS 


A 

B 


Bl 


B2 


effective  apertiire  eu:«a,  sq  ft 

bandwidth  constant,  conventional  phase-lock  detector, 
radlans/sec 

bandwidth  constant  of  primary  loop,  multiple  input  receiver, 
radians/sec 

bandwidth  constant  of  secondary  loop,  multiple  input  receiver, 
radlans/sec 


Bjj  effective  input  noise  bandwidth,  conventional  phase -lock 

detector,  radians/sec 


Bni  effective  input  noise  bandwidth  of  primary  loop,  multiple 

input  receiver,  radlans/sec 


Bn2  effective  input  noise  bandwidth  of  secondary  loop,  multiple 

input  receiver,  radlans/sec 

C  capaciteuice,  farads 

c  propagation  velocity,  109  ft/sec 


D 


diaaieter  of  antenna 


®Nn 


effective  input  noise  voltage  to  nth  receiver,  volts 


Ej-  automatic  gain  control  constant,  volts 

^fibi  signal  input  voltage  to  nth  receiver,  volts 

ratio  of  signal  power  to  noise  power  at  receiver  output 


L 
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input,  volts 
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Bq  output,  volts 

ej^  control  voltage  proportional  to  {Esn/%n)^^  volts 

ej.Q  control  voltage  proportional  to  volts 

F(s)  transfer  fianction  of  loop  filter,  conventional  phase-lock 

detector 

F-]^(s)  transfer  function  of  primary  loop  filter,  multiple  input 
receiver 

FpCs)  transfer  ftinction  of  secondary  phase-lock  detector,  multiple 
input  receiver 

f  frequency,  cps 

f(3^  Af  due  to  Doppler  shift,  fj.  -  f^,  cps 

fj,  average  received  frequency,  cps 

ft  transmitting  frequency  of  signal  source,  cps 

Afg^  difference  between  frequency  received  at  one  antenna  and 

average  frequency  received,  cps 

G  voltage  gain  of  radio-frequency  and  intermediate  frequency 

amplifiers  and  detector 

j  =  Fi 

Ki  gain  constant  of  phase  detector  and  d-c  amplifier  (fig.  l), 

volt  s / radians 

K2  gain  constant  of  d-c  amplifier  and  secondary  voltage -controlled 

oscillator  (fig.  l),  radians/sec-volt 

Kj  gain  constant  of  d-c  amplifier  and  primary  voltage -controlled 

oscillator  (fig.  l),  radians/sec-volt 

n  number  of  channels  in  receiver 

Ri,R2  resistances,  ohms 


s 


operator  in  Laplace  treuisform 
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t 

V 

Y(s) 

Yl(s) 

YgCs) 

dt 

9a 

0e 


9bn 

9bav 

0in 
9  out 
>t 


time 

radial  velocity  of  vehicle  with  respect  to  receiver,  ft/sec 
transfer  function  of  conventional  phase-lock  detector,  ®out/9in 

transfer  f\inction  of  primsiry  loop,  multiple  input  receiver, 

0a  +  ^av 


transfer  function  of  secondary  loop,  multiple  input  receiver, 

9hn 

0n  “  0a 

angular  velocity  of  vehicle  relative  to  receiver,  radians/sec 


phase  out  of  primary  voltage -controlled  oscillator,  multiple 
input  receiver,  radians 

phase  error,  conventional  phase-lock  detector,  ^0^^  "  9out)> 
radians 

phase  input  to  nth  channel,  multiple  input  receiver, 
radians 


average  phase  input,  multiple  input  receiver,  radians 


phase  out  of  nth  secondary  voltage -controlled  oscillator, 
multiple  input  receiver,  radians 

9bl  +  9^2  •  ’  ♦  9bn 

n 

phase  input,  conventional  phase-lock  detector,  radians 
phase  output,  conventional  phase-lock  detector,  radians 
wavelength  of  transmitted  frequency 

root -mean -square  deviation  of  euitenna  siirface  from  time 
parabolic 


frequency,  radians/ sec 


H  tr-J-  VD 


free-running  frequency  of  primary  voltage -controlled  oscillator, 
radians/sec 

free-running  frequency  of  secondary  voltage-controlled  oscil¬ 
lator,  radians/sec 

Dots  over  symbols  denote  derivative  with  respect  to  time. 


RECEIVER  DESICM 

The  difficulty  in  designing  a  receiver  to  operate  from  independently 
steerable  antennas  is  due  to  the  fact  that  the  angular  modulation 
appearing  on  each  individual  input  is  different.  The  modulation  seen  on 
the  received  signals  can  be  grouped  into  two  categories.  The  first  cate¬ 
gory  is  that  portion  of  the  modulation  which  is  common  to  all  inputs. 

This  portion  includes  the  intentional  and  incidental  modulation  created 
at  the  transmitter  plus  the  average  Doppler  shift  or  the  Doppler  shift 
seen  at  the  array  center.  The  second  category  is  that  portion  of  the 
modulation  which  is  peculiar  to  each  individual  input.  This  portion 
includes  the  individual  Doppler  shift  relative  to  the  average  Doppler 
shift,  wave  front  distortion  caused  by  atmospheric  disturbances,  and 
different  phase  shifts  caused  by  amplifiers  and  cables.  It  is  possible 
to  design  a  system  which  consists  of  one  primary  phase-lock  loop  for  the 
detection  of  the  angular  modulation  which  is  common  to  all  inputs  and  a 
number  of  secondary  phase-lock  loops  for  the  detection  of  the  modulation 
which  is  peculiar  to  each  input. 

Figure  1  shows  the  basic  design  of  a  system  for  detecting  a  number 
of  radio-frequency  inputs  which  are  not  phase  coherent.  Appendix  A 
gives  the  derivation  of  the  transfer  functions  in  the  receiver.  The 
radio-frequency  inputs  are  applied  to  converters  where  the  average 
received  phase  0^  developed  in  the  primary  voltage -controlled  oscil¬ 
lator  (designated  V.C.O.)  is  subtracted  from  each  signal.  The  resultant 
signals  are  then  applied  to  phase  detectors  (secondary  phase-lock  loops). 
These  detectors  have  a  bandwidth  capable  of  tracking  only  the  difference 
between  each  individual  received  frequency  and  the  average  received  fre¬ 
quency.  The  outputs  of  these  detectors  are  then  summed  in  a  manner  such 
that  the  resulting  signal -noise  ratio  is  equal  to  the  sum  of  the  input 
sign8d.-noise  ratios.  (See  appendix  B) .  This  signal  is  then  applied  to 
the  primary  voltage -controlled  oscillator  to  complete  the  primary  phase - 
lock  loop.  The  primary  loop  must  have  a  bandwidth  capable  of  tracking 
the  frequency  modulation  which  is  common  to  all  inputs.  This  modulation 
includes  any  modulation  which  occurs  at  the  transmitter  plus  the  average 
Doppler  shift.  In  the  cases  of  amplitude  modulation  or  narrow-band-phase 
modulation,  this  primary-loop  bandwidth  is  determined  primarily  by  the 
transmitter  instability.  To  maintain  a  minimum  threshold,  it  is  neces¬ 
sary  to  maintain  the  signal-noise  ratios  in  the  secondary  loops  at  a 
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valxie  equal  to  or  greater  than  that  in  the  primary  loop.  These  signal- 
noise  ratios  are  obtained  by  restricting  the  noise  bandwidth  of  the 
secondary  loops  to  less  than  that  of  the  primary  loop  divided  by  the 
nuniber  of  antennas  employed  in  the  system.  Figure  2  shows  the  primary- 
loop  noise  bandwidth  required  for  tracking  normal  cryst8J.-controlled 
transmitter  instability  (ref.  l)  euid  Doppler  shifts  associated  with  lOg 
acceleration.  (See  appendix  C.)  It  eJ-so  shows  the  secondary-loop  noise 
bandwidth  required  for  tracking  the  relative  Doppler  shift  if  sidereal 
angular  velocities  and  a  maximum  difference  in  transmission  path  of 
5,000  feet  to  any  two  antennas  so’e  assumed.  The  ratio  of  the  primary-  to 
secondary-loop  bsuidwldths  defines  the  maximum  nvimber  of  antennas  which 
may  be  enq)loyed  in  the  array. 

Figures  3  to  6  show  conqilete  block  diagrams  of  a  receiver  utilizing 
two  antennas.  The  signal  from  each  Eintenna  is  applied  to  its  own  detector 
in  the  receiver.  Each  signal  is  delayed  before  it  is  applied  to  its 
second  converter  by  a  time  approximately  equal  to  the  difference  in  trans¬ 
mission  time  to  its  antenna  and  to  the  array  center.  This  delay  is 
req\ilred  to  guarantee  that  the  detected  signals  will  be  summed  in  phase; 
it  should  be  eiiq>haslzed  that  the  accuracy  to  which  it  must  be  determined 
la  proportional  to  the  modulation  bandwidth  eind  not  to  the  carrier  fre¬ 
quency.  For  example,  for  a  maximum  gain  degradation  of  1  decibel  with 
100-kilocycle  modulation  frequency,  this  delay  is  required  to  an  accuracy 
of  approximately  1  microsecond.  This  time  can  be  computed  from  the 
angular  coordinates  of  the  direction  at  \rtiich  the  antenna  is  pointed. 

In  the  second  converter,  the  phase  of  the  primary  voltage -controlled 
oscillator  is  subtracted  from  each  signal.  (Hie  resultant  signals  eire 
ajiq)llfled  and  applied  to  the  synchronous  detectors,  Ilie  outputs  from 
these  detectors  are  the  demodxilated  amplitude  and  phase  of  the  received 
signal.  I^e  amplitude -modxilatlon  (AM)  signals  are  summed  to  obtain  the 
AM  output  and  to  determine  the  average  received  signal-noise  ratio.  The 
phase -modulation  (FM)  signals  are  susmed  to  obtain  the  FM  output  and  to 
develop  the  error  signal  to  be  applied  to  the  primary  voltage -controlled 
oscillator. 

A  four-channel  receiver  has  been  simulated  in  an  analog  computer  to 
obtain  preliminary  information  on  signal -acqvilsltion  time.  With  a 
primary- loop  bandwidth  of  approximately  200  cycles  per  second  and  a 

bandwidth  ratio  signal-acquisition  time  was  less  than 

0.1  second. 


ARRAY  EESIGN 


There  are  five  primary  considerations  in  the  designing  of  an  antenna 
.array: 


iJ  rH  t-J-  VO, 
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(1)  The  angular  coverage  vhlch  is  required 

(2)  The  frequency  range  over  vhich  the  system  must  operate 

(5)  The  angular  velocity  or  tracking  rates  which  must  he  accommodated 

(4)  The  total  system  apertxire  which  is  required  and 

(5)  The  total  system  cost. 


Angular  Coverage 

The  angular  coverage  which  is  required  of  an  antenna  etrray  will 
normally  determine  the  configuration  of  the  array.  Although  it  is  not 
the  purpose  of  this  paper  to  provide  the  geometrical  design  of  arrays, 
figure  7  shows  a  possible  configuration  of  an  array  located  at  the 
equator  for  tracking  in  the  ecliptic.  This  configuration  was  developed 
to  obtain  the  maximum  n\amber  of  antennas  with  the  minimum  deviation  of 
the  frequency  of  each  received  signal  from  the  average.  This  condition 
is  obtained  when  all  the  antennas  are  located  within  an  ellipse  with 
the  major  axis  in  the  north-south  direction.  ^Rie  ratio  of  the  minor  to 
the  major  axis  of  the  ellipse  should  be  equal  to  the  cosine  of  the  angle 
between  the  plane  of  the  antennas  and  the  ecliptic.  The  array  shown  in 
figure  7  is  arranged  to  minimize  the  antenna  blocking  at  azimuth  angles 
of  approximately  65°  to  115°  and  245°  to  295°* 


Frequency  Range 

In  this  paper,  only  parabolic  reflecting  antennas  have  been  con¬ 
sidered.  There  is,  of  course,  a  limit  to  the  frequency  at  which  such 
antennas  are  effective.  This  limit  is  determined  by  the  magnitude  of 
the  deviations  of  the  reflecting  surface  from  a  true  parabolic  surface. 
Figure  8  is  a  plot  of  the  variation  of  the  frequency  at  which  maximum 
gain  occurs  with  the  diameter  of  the  reflecting  surface.  This  curve  was 
calculated  by  using  a  ratio  of  root -mean- square  surface  deviation  to 
diameter  of  10”^  based  on  current  technology,  (See  ref.  2.)  This  devi¬ 
ation  will  limit  the  size  of  the  indlvldxial  antennas  employed  in  an  array. 


Tracking  Rates 

The  rate  at  which  an  antenna  array  must  be  capable  of  tracking 
determines,  in  part,  the  maximum  number  of  antennas  which  may  be  used  in 
the  array.  This  limitation  is  due  to  the  requirement  that  the  secondary- 
loop  noise  bandwidth  be  equal  to  or  less  than  the  primary-loop  noise 
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"bandwidth  divided  by  the  number  of  antennas.  The  secondary- loop  band¬ 
width  is  a  function  of  tracking  rate  whereas  the  primary-loop  bandwidth 
is  independent  of  tracking  rate.  If  the  primary-loop  bandwidth  is 
large  because  of  modulation  (wide-band  frequency  modulation  (FM)),  this 
limit  is  insignificant.  However,  if  the  primary-loop  bandwidth  is  small, 
such  as  would  be  encoiintered  with  narrow-band  frequency  modulation  or 
amplitude  modulation,  this  limit  becomes  significant.  Figure  9  is  a 
plot  of  the  variation  of  the  maximum  nijmber  of  antennas  in  ein  array 
with  frequency,  tracking  rates  being  0.1°  per  second  and  sidereal. 


L 

Total  Aperture  1 

7 

The  maximum  receiving  aperture  vhich  may  be  obtained  in  any  system  4 

is  defined  by  the  antenna  size  and  number  of  antennas  which  may  be  used.  6 

Figure  10  is  a  c^lrve  showing  the  total  effective  aperture  as  a  function 
of  the  individual  antenna  size  euid  the  number  of  antennas. 


System  Cost 

If  it  is  assvimed  that  the  cost  of  a  parabolic  reflector  is  propor- 
tioneO.  to  the  area  to  the  1.4  power  (ref.  3)  and  that  the  electronic 
equliment  costs  (radio-frequency  amplifier,  receiver,  etc.)  are  fixed, 
it  is  possible  to  design  an  array  for  minimum  cost.  If  the  electronic 
equipment  costs  are  assumed  to  range  from  $100,000  to  $1,000,000  at  each 
antenna,  the  total  cost  of  one  antenna  and  receiver  varies  with  the 
diameter  of  the  antenna  as  shown  in  figure  11.  The  cost  of  an  array 
per  unit  aperture  area  may  then  be  determined  as  shown  in  figure  12.  It 
can  be  seen  from  this  figure  that  there  is  an  optimum  antenna  size  for 
purposes  of  economy.  With  the  assumptions  Just  made,  the  optimum  antenna 
is  50  4o  150  feet  in  diameter.  Other  considerations,  however,  such  as 
operation  and  maintenance  costs  and  future  expansion  capability  may  indi¬ 
cate  that  larger  antennas  are  desirable.  This  cost  analysis  does  not 
include  fixed  equipment  costs,  which  are  not  a  function  of  antenna  size 
or  number  of  antennas,  such  as  post-detection  data  handling  and  recording 
equipment,  support  computing  equipment,  and  so  forth. 


DISCUSSION 


The  major  problem  areas  in  the  design  and  construction  of  this 
receiver  appear  to  be  first,  the  obtaining  of  multipliers  and  opera¬ 
tional  amplifiers  with  a  gain  bandwidth  product  sufficient  for  present- 
day  communications  systems,  and  second,  the  construction  of  the  second¬ 
ary  voltage -controlled  oscillators  with  stability  compatible  with  the 
narrow  bandwidth.  It  appears  possible  by  using  comnercial  amplifiers 
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and  computing  elements  to  obtain  a  receiver  vith  an  information  band¬ 
width  of  up  to  100  kilocycles.  The  important  factor  in  the  stability 
of  the  secondary  voltage-controlled  oscillators  is  the  drift  of  each 
oscillator  with  respect  to  the  others.  It  appears  possible  to  obtain 
relative  stabilities  on  the  order  of  0.01  cycle  per  day. 


Advantages 

There  are  a  number  of  advantages  in  the  use  of  an  array  such  as 
L  this  over  a  single  antenna  system.  These  advantages  are  as  follows: 

1 

7  (l)  It  can  be  seen  from  figure  12  that  the  initial  cost  of  a  large 

4-  aperture  system  can  be  reduced  considerably  by  the  arraying  of  small 

6  antennas.  For  instance,  a  system  with  an  effective  aperture  equal  to 

that  of  a  400-foot-dlameter  eintenna  may  be  obtained  by  arraying  85-foot- 
diameter  antennas  at  approximately  one -half  the  cost  of  a  single  400-foot 
reflecting  antenna. 

(2)  The  gain  of  a  parabolic  reflecting  antenna  is  limited  by  devia¬ 
tions  of  the  reflecting  surface  from  a  perfect  parabolic  surface.  If 
the  assxmiptlon  is  made  that,  with  normal  construction  practices,  the 
surface  tolerances  which  may  be  obtained  are  directly  related  to  the 
diameter  of  the  antenna,  the  maximum  gain  of  any  antenna  is  limited. 

As  shown  in  figure  15  if  it  is  assumed  that  o/D  =  10"^,  the  gain  is 
limited  to  less  than  60  decibels  independent  of  size.  However,  the 
effective  gain  may  be  increased  by  a  factor  equal  to  the  number  of 
antennas  enqjloyed  when  using  this  array  design. 

(5)  Since  the  relative  phase  of  each  received  signal  in  the  array 
is  compensated  for  by  the  phase-lock  loop  in  the  detector,  it  is  neces¬ 
sary  that  the  incoming  wave  front  be  planar  over  the  area  of  one 
antenna  only  and  not  over  the  total  area.  This  requirement  indicates 
that  the  antenna  array  will  be  capable  of  obtaining  maximum  gain  on 
wave  fronts  which  have  been  distorted  in  passing  through  the  atmosphere. 
It  is  expected  that  the  rate  of  change  of  phase  due  to  the  atmosphere 
will  be  negligible  compared  with  the  relative  Doppler  shift. 

(4)  The  accuracy  with  which  an  antenna  must  be  directed  toward  the 
signal  source  is  directly  related  to  the  beamwidth  of  the  antenna. 

Since  the  proposed  system  electronically  tracks  the  signeQ.  within  the 
beamwidth  of  the  individ\ial  antennas,  it  does  not  require  tracking  data 
of  the  accuracy  required  by  a  single  antenna  of  eqxial  area. 

(5)  The  antenna-array  system  Includes  the  summation  of  signals  on 
a  weighted  basis,  where  the  weighting  is  proportional  to  the  signal- 
noise  ratio.  This  method  of  summation  should  result  in  a  high  relia¬ 
bility  as  a  noisy  channel  will  automatically  reduce  its  own  wei^tlng 
and  the  remaining  channels  will  still  be  fully  operative . 
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(6)  By  the  use  of  a  duetl  feed  (vertical  and  horizontal)  and  dual 
detectors  at  each  antenna,  It  Is  possible  to  obtain  optlmxim  polarization 
at  al].  times  because  the  signals  are  combined  on  a  velghted  basis  such 
that  the  slgnal-nolse  ratio  out  of  the  combiner  Is  always  equal  to  the 
B\iin  of  the  slgnal-nolse  ratios  Into  the  coniblner. 

(7)  The  antenna-array  system  consists  of  a  number  of  Independent 
antennas,  detectors,  and  combiners.  It  Is  possible  to  connect  these  to 
obtain  one  receiving  system  with  maximum  gain  or  any  number  of  Individu¬ 
ally  trackable  systems  with  proportionally  lower  gains.  Also,  because 

of  this  modular  design.  It  Is  possible  to  Increase  the  effective  aperture 
at  a  later  date  without  loss  of  the  Initial  Investment. 


Dlsadvemtages 

There  are  a  number  of  disadvantages  associated  with  this  receiving 
system  design.  These  disadvantages  are  as  follows: 

(1)  Since  the  system  employs  phase-lock  detectors.  It  may  only  be 
used  on  phase -coherent  transmissions. 

(2)  The  number  and  location  of  antennae  employed  will  limit  the 
angular  velocity  to  which  the  system  will  track  a  signal. 

(3)  It  does  not  appear  to  be  practical  to  use  the  array  for  trans¬ 
mission  of  signals.  Althoui^  It  Is  theoretically  possible,  the  problem 
of  controlling  the  pattern  of  the  array  for  transmission  purposes  would 
probably  be  more  costly  and  less  reliable  than  the  use  of  a  higher  power 
transmitter  and  one  antenna. 


CONCLUSIONS 


With  the  proposed  arraying  technique.  It  appears  possible  to  obtain 
very  large  aperture  receiving  systems  at  a  cost  lower  than  Is  normally 
associated  with  large  single  reflecting  emtennas.  In  addition  to  this, 
such  a  system  appears  to  have  the  following  Eidvantages  over  single  antenna 
systems: 

(1)  Higher  absolute  gain  Is  obtainable, 

(2)  Optimum  polarization  Is  obtained  at  all  times, 

(3)  It  Is  not  necessary  to  have  a  plane  wave  front  over  the  entire 

receiving  aperture. 
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(4)  The  operating  heamwldth  is  wider, 

(5)  The  system  should  be  more  reliable,  and 

(6)  The  system  should  be  more  versatile. 


Langley  Research  Center, 

National  Aeronautics  and  Space  Administration, 

langley  Air  Force  Base,  Va.,  December  15,  196I. 
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APPENDIX  A 

DESIGN  OF  A  MULTIPIE-INPUT  PHASE-LOCK  DETECTOR 


General  Theory  of  Phase -Lock  Detectors 
The  purpose  of  this  section  is  to  provide  a  reference  in  the  general 


theory  of  phase-lock  detector  design  for  use  in  the  derivation  of  the 

design  equations  of  the  phase-lock  detector  for  multiple  inputs.  This  L 

section  is  based  on  work  reported  in  references  1  and  4.  1 

7 

Phase-lock  loop  transfer  function.-  In  the  analysis  of  phase-lock  4 

detectors,  it  is  convenient  to  describe  the  various  signals  in  terms  of  6 

phase  angles.  This  may  be  done  if  it  is  realized  that  all  phase  angles 


are  measiored  in  a  coordinate  system  which  is  rotating  at  the  free -running 
frequency  of  the  voltage -controlled  oscillator.  In  the  following  sketch, 
the  output  of  the  phase  detector  is  eq\ial  to  the  difference  of  the  input 
phases . 


®e  ~  ®in  ■  ®out 


(Al) 


In  Laplace  notation,  with  initial  conditions  zero. 


s9e  =  60 in  -  se^nt 


(A2) 


By  definition  of  the  voltage -controlled  oscillator  operation 


^  =  sOont  =  0eF(B) 


a  _  ®®OUt 


(A5) 
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Substituting  equation  (Aj)  into  eqmtion  (A2)  yields 


F(s) 


s®in  - 


®®out 


®out  ~  ®in 


L 

I 


Y(8) 


’out/ 


’in 


s) 


~  e/p)  =  F(s) 

F(s)  +  s 


(A4) 


First-order  phase-lock  loo-p.-  It  can  be  seen  from  reference  1  that 
the  form  of  the  desired  transfer  function  for  a  first-order  loop  is 


Y(s) 


B 

B  +  S 


(A5) 


where  B  is  a  constant  proportional  to  loop  bandwidth.  Substituting 
equation  (A4)  into  equation  (A5)  yields 


-F(s)  =  _B_ 

F(s)  +8  B  +  s 


F(s)  =  B 


(A6) 


To  evaluate  B,  it  is  necessary  to  introduce  the  maximum  rate  of 
change  of  phase  -which  must  be  tracked.  It  is  then  possible  to  solve  for 
the  steady-state  error.  (This  error  should  not  exceed  O.5  radian.) 

^out  ^  B 
®ln  B  +  s 


®out  “ 


B9in 
B  +  s 
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From  equation  (Al) 


®e  -  ®in  ■  ®out 


therefore 


Se  =  ein(l  - 


With  an  input  of 


to  je^ 


(phase  raaqj) 


9e 


L 

1 

7 

4 

6 


a _ cb 

®  8(B  +  b) 

ee(t)  =  -  l) 

As  t  approaches  infinity 

ee(t)  =  ^  (AT) 

i5 


If  the  steady-state  error  0g  is  limited  to  0.5  rsidian 


B  =  as 


(A8) 


The  transfer  function  from  equation  (A5)  is 


X(8) 


B 

B  +  s 


or 


15 


out 

'in 


The  effective  input  noise  "bandwidth 


Bn  "by  definition  is; 


£ 


n 


2 

+  £JQ^ 


Bn  =  «B  (A9) 

Substituting  eqtiation  (A8)  into  equation  (A9)  yields 

Bn  =  2flU>  (AlO) 

Second-order  phase-lock  loop.-  It  can  be  seen  from  reference  1  that 
the  form  of  the  desired  transfer  function  for  a  second-order  loop  is: 

Y(s)  .  (All) 

B^  +  /as  +  s^ 

where  B  is  a  constant  proportional  to  loop  bandwidth.  Prom  equa¬ 
tion  (a4) 

F(s)  ^  B^  +  /as 

F(s)  +  S  32  +  +  g2 

Solving  for  F(s)  yields 

F(.) . 


s 


(A12) 
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To  evaluate  B,  it  is  necessary  to  introduce  the  maximum  rate -of -change 
frequency  to  he  tracked.  It  is  then  possible  to  solve  for  the  steady- 
state  error.  (This  error  shoiild  not  exceed  0.5  radian.) 


^ou^g)  ^  +  \/iBs 

®ln  b2  +  +  s2 


®out  =  ®in 


'  B^  +  yiBs 

B^  +  y^s  +  s^; 


From  equation  (A1) 


®e  =  ®ln  “  ®out 


9e  =  Gin  1  - 


B^  +  y^s 
b2  +  yiss  +  s^y 


®e  =  ®in| 


^B^  +  y^s  +  s^j 


(A15) 


With  an  input  of  (L  js^  (frequency  ramp) 


0e  = 


U) 


s5\b2  +  y^s  +  s2y 


0g  =  Oif 


■,(b^  +  ^ 


A 


s  +  S^ 


o^  H  f 


2D 
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The  steedy-state  solution  is 


Qe 


If  ©e  is  limited  to  O.5  radian. 


L 

r 

^  The  response  of  the  loop  is  descrihed  "by 


A 


=  a6  (ai4) 


Bie  effective  input  noise  handvidth  by  definition  is 


Solving  for  B^ 


Bn  =  -^  (AI5) 

/2 


Substituting  equation  (A14)  into  equation  (AI5)  yields 


Bn  = 


(A16) 
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Phase -Lock  Detector  for  Multiple  Inputs 

The  purpose  of  this  section  of  the  appendix  is  to  describe  the 
theory  of  operation  and  obtain  the  design  parameters  of  the  mxiltiple- 
input  phase-lock  detector  shovn  in  figure  1.  In  this  analysis,  the 
phase  angles  9^  and  9^  measured  in  a  coordinate  system  vhich  is 

rotating  at  the  free-running  frequencies  of  the  oscillators  and  cojj, 

euid  the  phase  angles  9n  describing  the  inputs  are  measured  in  a  coordi¬ 
nate  system  vhich  is  rotating  at  the  tuned  frequency  of  the  receiver 
oJa  +  a>b.  L 

1 

As  shown  in  figure  1,  the  input  signals  9^^  are  applied  to  a  con-  7 

verter  where  the  output  of  the  primary  voltage -controlled  oscillator,  ^ 

which  it  will  be  shown  later  is  the  average  received  phase,  is  subtracted  '  ° 

from  all  inputs.  This  subtraction  leaves  only  the  difference  between  the- 
individvial  input  phase  and  the  average  received  phase  0^  -  0^  to  be 
tracked  by  the  secondary  phase-lock  loops.  It  can  be  seen  from  equa¬ 
tions  (a6)  and  (a8)  that 


K1K2  =  B2  (ait) 

and 

B2  =  Afa  (AI8) 


The  effective  input  noise  bandwidth  for  purposes  of  determining  the 
threshold  may  be  obtained  from  equation  (AlO)  as 


Bn2  = 


(AI9) 


The  transfer  function  of  this  loop  may  be  determined  as  follows: 


2n 


9n  -  9a 


=  Y2(s) 


(A20) 


From  equations  (A5)  and  (AI7), 


^2 

B2  +  8 


^2(8)  = 
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therefore, 


YgCs) 


KlKg 

K1K2  +  s 


V  -  Y2(8)(0„  -  Ga) 

In  this  circuit,  however,  the  output  oi  the  secondary  loop  is: 

Kl^®n  “  ®a  “  ®hn^ 


therefore, 

FpCs)  =  ^ijfn  -  Qa  -  Qbn) 

^  e„  -  0a 

Substituting  equation  (A20)  into  this  relation  yieMs 

F2(s)  =  Ki(i  -  Y2(8)) 

Substituting  equation  (A21)  into  equation  (A2?)  yields 


(A21) 


(A22) 


(A25) 


r2(8) 


K^s 

K1K2  +  8 


(A24) 


The  response  of  the  overall  system  may  be  described  in  terms  of  the 
average  phase  input  minus  the  average  phase  ezror  in  the  detectors  divided 
by  the  average  phase  input: 


Yi(8) 


0 


av 


®a 


(A25) 
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Since 


'av 


and 


9a  =  6a 


then 


.,(s)  = 


hn 


'av 


Prom  eqviatlon  (A22), 


5)^  6t„  .  Y2(B)(eav  - 

Substituting  this  relation  into  eqixation  (A26)  yields 


Yl(s) 


_  9a (1  -  Y2(s))  +  Y2(s)9av 


'av 


It  can  be  seen  from  figure  1  that 


(A26) 


0R  =  0 


a  -  ''av 


K,  F^(s)  Fg(s) 


Kj  Fi(s)  F2(s)  +  8 
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therefore, 


YlCs) 


K3  FiCs)  FgCs) 
K3  Fi(s)  F2(s)  + 


YgCs)]  +  Y2(s) 


^  /  X  K3  Fi(s)  F2(s)  +  Y2(s)  s 

=  ■'K3FjsTP2(syVs  ■■ 


Substituting  equations  (A21)  and  (A2k)  into  this  relation  yields 


Yl{s) 


Kil 

[Kg  +  K3  Fi(s)] 

1 

Kil 

(K2  +  K3  Fi(s); 

1  +  s 

(A27) 


It  is  desirable  to  have  this  system  respond  in  the  same  manner  as  conven¬ 
tional  second-order  phase-lock  loop)  therefore,  this  transfer  function 
may  be  equated  to  the  general  transfer  function  of  a  phase -lock  loop 
(eq.  (aU))  and  the  filter  for  a  second-order  loop  inserted  for  F(8) 

(eq.  (A12)),  in  which  case. 


s 


=  Ki(k2  +  K3  Fi(s)) 


and 


+  (/2Bi  -  KiK2)8 
K1K5B 


(A28) 


This  function  may  be  approximated  by  using  the  circuit  shown  in  fig¬ 
ure  5  Tor  the  loop  filter.  The  anqplifier  shown  is  a  voltage  aa^llfler 
(low  output  impedance)  with  a  gain  of  -A.  The  transfer  function  for  this 
circuit  is: 


1  +  R2CS 


Rg  ^  +  1)  Cs 
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If  A  is  assumed  to  be  -very  large, 


|1^  +  Ri(A  +  l[|  Cs  »  1 


and 


R2  «  Ri(A  +  1) 


then 


1  +  R2CS 
R^Cs 


Equating  this  relation  to  Fi(s)  yields 


RlC  = 


Bi2 


euid 


From  equation  (AI6)  the  primary-loop  noise  bandwidth 


is 


(A29) 


(A30) 


(A31) 


From  eq\iation  (A14)  the  bandwidth  constant  is 

Bi  = 


(A52) 


This  system  may  now  be  designed  by  using  the  following  eqviations: 


25 


KiK2  =  4it  Af 
®1  = 


RnC  = 


B— 


and  to  guarantee  that  the  threshold  does  not  normally  occur  in  the 
secondary  loops  before  it  occxrrs  in  the  primary  loop,  it  is  necessary  to 
restrict  the  secondary-loop  noise  bandwidth  to  l/n  times  the  primary- 
loop  noise  bandwidth; 


B 


"2  =  — 


B 

B 


2l  > 

ng 


n 


Substituting  equations  (A9)  and  (AI5)  into  this  fxinction  yields: 


^2  <  5 

®1  n{2 


2k 


APPENDIX  B 

SUMMATION  FOR  MAXIMUM  SIGNAL-NOISE  RATIO 


The  purpose  of  this  appendix  is  to  show  that  the  indicated  method 
of  signeQ.  summation  will  resiilt  in  sui  output  signal-noise  ratio  equal  to 
the  Binwnation  of  the  input  signeil-noise  ratios. 

Figures  U  and  5  show  the  control  and  summation  circuitry.  The  ] 

overall  gain  of  the  radio-frequency  suid  intermediate  frequency  amplifiers 
is  maintained  at  a  value  G  such  that  the  root -mean- square  signal  voltage 
out  of  the  amplit\ide  detector  is  constant  at  some  value  Ej.;  ) 


EgG  =  Ej. 
G  =  Ey/Eg 


The  root-meeui- square  noise  out  of  the  detectors  therefore  is; 

EnG  = 

A  sample  of  this  noise  is  taken  in  the  noise  filter  euid  detector  such 
that  the  output  e^  is  a  d-c  voltage  equal  to  the  square  of  the  input 

noise  voltage: 


e 


r 


and  ey  therefore  is  proportional  to  noise-signal  ratio.  ISie  simnnation 

control  voltage  ec  is  obtained  by  dividing  a  d-c  voltage  eyQ,  which  is 
proportional  to  the  average  N/S,  by  ej.. 


e 


c 


The  root-mean- sqxiare  signal  out  of  the  control  multiplier  is: 


!ro/%f 
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The  root -mean -sqiiare  noise  out  of  the  control  multiplier  is: 


EnGcc 


^rops\ 

^7v%/ 


The  root -mean- square  signal  obtained  by  the  summation  of  n-channels  may 
be  determined.  Since  the  signals  are  phase  coherent,  it  is  the  algebraic 
summation  of  the  outjjuts  of  all  multipliers  or 


+ 


The  root -mean- sqiiare  noise  obtained  by  the  summation  of  n-channels  may  be 
determined.  Since  the  noises  are  not  phase  coherent,  it  is  the  quadratic 
summation  of  the  outputs  of  all  miiltipliers  or 


+ 


+ 


1/2 


The  S/N  out  of  the  signal  combiner  may  be  obtained  by  sqviaring  the 
individual  signal  and  noise  terms  and  then  dividing: 


\Eno/  \%1/  \%2/ 


The  control  voltage  e^o  is  obtained  by  employing  a  feedback  system 
which  forces  the  filtered  signal  term  to  equal  1.  Thus, 
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APPENDIX  C 

SOURCES  OF  FREQUENCY  MODULATION  OF  THE  RECEIVED  SIGNALS 


The  purpose  of  this  appendix  is  to  indicate  the  amoxuit  of  frequency- 
modulation  existing  on  a  received  carrier.  This  frequency  modulation 
•will  determine  the  band-vd.dths  reqiiired  in  the  primary  and  secondary  loops 
of  the  receiver,  -vdiich  determine  the  theoretical  maximum  nxmiber  of 
antennas  which  may  he  employed  in  an  array. 


Transmitter  Instability 

Experiments  (ref.  l)  have  indicated  that  the  primary-loop  band¬ 
width  B  required  to  track  the  ins-tability  of  a  normal  crystal-controlled 
transmitter  with  a  second-order  phase-lock  loop  is  B  =  me.  From 

appendix  A  (eqs.  (AJI)  and  (A32))  this  relation  indicates  that  the  effec¬ 
tive  input  noise  bandwidth  Bfj2.  required  is: 

Bnl  =  26.7^ 

where  Bj^  is  measured  in  radians  per  second  and  f-t  is  in  megacycles. 

Doppler  Effect 

The  primary-loop  bandwidth  required  to  track  the  rate  of  change  of 
frequency  due  to  the  Doppler  effect  may  be  calculated  as  follows: 

f  =  _ 1— 

^  c  ±  V 


fd  =  fr  -  ft 


f 


d 


-  Yf 

c  ±  V  '  c^t 


dv 

dt 
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In  the  preceding  sketch,  the  difference  a  in  path  length  over  which 
the  signal  travels  to  antenna  A  and  the  euitenna  field  center  (point  B) 
is 


a  =  d  cos  7 

The  angular  difference  in  received  signals  0  in  cycles  is: 


0  =  — k  cos  7 
c 


The  difference  frequency  ^  is 


4^ ,  ,  f£t  si„  7  ar 


dt 


dt 


L 

1 

7 

4 

6 


(^a):„ax  = 


d7 

at 


If  d  is  assumed  to  he  2,500  feet  and  dy/dt  equals  0.75  X  10"^  reulians 
per  second  (sidereal) 

Afa  =  (l.8  X  10"^)f^ 

where  Af^  is  in  cycles  per  second  and  f^  is  in  megacycles.  From 
equation  (AI9) 

^  -  (7.1  X  i0-5)f^ 


where  Bjj2  is  in  radians  per  second  and  f^  is  in  megacycles. 
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Effactlva  Ijiput  nolaa  bandwldtht  epa 


Figure  2.-  Effective  nolee  bandwidth  required  to  track  various  80\irce8 

of  frequency  shift. 


Traokiat  data 


Traokluf  data 


A.M.  out  P.M.  out  P.M.  out 


Figure  J.-  Block  diagram  for  two-channel  receiver 


Jj-xv^o 


Figure  6.-  Secondary  volteige -controlled  oscillator 
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Figure  7 
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Antenna  array  configuration  for  tracking  in  the  ecliptic 
plane  (equatorial  location) . 
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Figure  8.- 


Variation  of  frequency  at  which 
antenna  diameter.  o/D  » 


max^imm 


gain  occurs  with 


of  antannas 
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Figure  9*-  Variation  of  maximum  number  of  antennas  in  an  array  with 
frequency  auid  tracking  rate  (based  on  maximum  difference  in  trans¬ 
mission  path  of  5^000  feet  to  any  two  antennas). 


Total  ofToetiTo  oportHro,  aq  ft 
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I 


iMbor  of  antooDat 


Figure  10.-  Variation  of  effective  aperture  with  number  and  diameter 
of  antennas  in  array.  A  «  S3lP£. 


Figure  12.-  Comparison  of  cost  per  vinit  apertiore  area  with  antenna  size 
(based  on  single  antenna  receiver  cost  as  shown  in  fig.  ll) . 


Powar  gain 
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Figure  IJ.-  Gain  cheuracteriBtlc  array  and  single  antennas. 
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